The problem of wrinkling in membrane structures has been a field of research since the publication of the tension field theory for plane structures. Significant progress in wrinkling analysis of arbitrarily shaped membranes has been made with the development of numerical methods. In the paper we present the enhancements of a standard finite element membrane formulation which allow to depict the wrinkles within the plane of the structure. A mathematical-numerical method is derived, which describes a valid stress state by minimising the differences in the stress density function while observing the wrinkling conditions. A consistent linearization of the proposed algorithms ensures quadratic convergence behaviour.
INTRODUCTION
The form finding of membrane structures is the quest of the optimal shape. The construction material is very thin which leads to a negligible bending stiffness. All loading is supported only by tensile in-plane stresses. Compressive stresses are avoided by out-of-plane displacements known as folds and wrinkles, resulting in a nonlinear relationship between external loads F and the displacements u as shown in Fig. 1 . A load carrying structure is achieved by putting together the initially plane membrane strips to a three dimensional surface and applying an initial stress. The purely tensile stresses within the membrane enable the optimal exploitation of the highly developed coated membranes. Thus truly lightweight structures, suitable for spanning large areas, are possible.
Methods for the analysis of membrane structures undergoing large displacements are necessary for the efficient design of textile structures in architecture. The recognition and solution of the wrinkling problem of membrane structures has been a field of research since Wagner's [1] publication of the tension field theory for plane structures. Extensions of that formulation were proposed e.g. by Stein and Hedgepeth [2] for partly wrinkled and by Yokoo et al. [3] for rotational surfaces. Significant progress in wrinkling analysis of arbitrarily shaped membranes has been made with the development of numerical methods. Here, one can distinguish between two different approaches to model wrinkles in the numerical scheme. One approach is the description of the kinematics of the wrinkles within the membrane surface, as proposed e.g. by Moriya and Uemura [4] , Haug and Powell [5] , Pipkin [6] and Roddeman [7] , The other approach is to follow the wrinkled topology in a discrete manner, see e.g. Bauer [8] , Teng et al, [9] and Cirak et al. [10, 11] .
The analysis of textile structures has to include geometrically nonlinear effects due to the fact that membranes adjust to actual load conditions with large displacements. Arbitrary geometries may be modelled by the finite element method making it to an indispensable tool for the statical analysis of membrane structures. A finite element mesh with geometrical nonlinear membrane elements allows to simulate larger folds, but the smaller ones are not sufficiently captured due to the inherent length scale. In the present paper our goal is to enhance a standard finite element membrane formulation. We will extend the kinematics in order to be able to depict the wrinkles within the plane of the structure. A mathematical-numerical method is then presented for the accurate calculation of deflections, stresses and associated wrinkled states. A valid stress state is calculated by minimising the differences in the stress density function while observing the wrinkling conditions. A consistent linearization of the proposed algorithms ensures quadratic convergence behaviour.
BASIC RELATIONS
A geometrical nonlinear membrane has a priori the ability to approximate the geometric-morphological properties of large folds. The much smaller wrinkles that are often observed on membrane structures cannot be modelled due to the inherent length scale of the element. Using a phenomenological approach, a conventional membrane formulation will be enhanced for the analysis of membrane structures with wrinkled regions. The wrinkling state of the membrane is determined by evaluating a criteria based on the principle stresses in the setting s 1 > s 2 as shown in Tab. 1.
We will distinguish between stresses within a taut domain and those outside of this domain. Reverting to the wrinkling criteria in Tab. 1, the wrinkle free region will be identified by evaluating the principle stress state f 1 : = -s 1 0 and f 2 : = -s 2 0.
(1) (2) with f l and f 2 as continuous, independent functions.
A load case causing the membrane structure to wrinkle will be possible. In order to describe the kinematics of the wrinkled membrane the strain tensor « is decomposed in analogy to an elasto-plastic scheme into a taut part « e and a wrinkled part « w
The stresses will be derived from the strain-energy function
Based on the elastic moduli C it holds
Since the wrinkle strains are initially unknown, a trial stress state will be calculated with
If f a (s trial ) 0 for all a [ {1,2} a valid stress state has been found and s = s trial .
The membrane is taut. If one of the two conditions in Eq. (1) is violated, the calculated stress state will not be located within the valid region and the membrane will be wrinkled or slack. A new stress state s which fulfill these conditions has to be found, see Fig, 2 . Simo and Hughes [12] propose a solution for a « similar problem minimizing the strain energy function
For a valid response of the membrane, the obtained stress state has to be located within the taut domain. Starting with an initial trial state s trial using the closest point projection [13] in the energy norm a valid stress response s is obtained by
Furthermore it will be described as the solution of a convex mathematical programming problem and is reduced to a standard problem of finding the closest distance in the energy norm of a trial state to the taut donlain. With x as the objective function and considering the constraint conditions (1) the Lagrangian is denoted as
The solution is derived from the variation of (s , l ) yielding the derivatives
with the Kuhn-Tucker conditions l a 0 and l a f a = 0 .
The Lagrange parameter l a will be derived by Eqns. (11) (12) (13) with the active set of conditions. The optimality conditions (11, 12) will be linearized for the calculation of the active Lagrange parameters l a using a Newton-Raphson scheme. Solving the Lagrangian with the Newton-Raphson algorithm in a straightforward manner yields an admissible stress state within the elastic domain. Handling the multisurface problem, active constraint surfaces have to be taken into account, which are not known in advance. The procedure indicated above is applied whenever one of the constraints is active and furthermore it will be observed if they remain active throughout the process.
SOLUTION ALGORITHM AND IMPLEMENTATION
When using the proposed model to solve the discrete problem, the following three aspects have to be considered:
(i) The Lagrange parameters l a and the actual stress state s have to be calculated on the local (Gauss point) level.
(ii) Within the geometrically nonlinear formulation of the structure the term have to be calculated.
(iii) This linearization requires the derivatives of the constraint equations with respect to the stresses.
Thus, constraints f a should be provided as functions of the stress tensor s . 
Local New ton-Raphson Iteration
The following box contains the main steps in the local iteration to find admissible stresses.
1. Calculate current state
Check constraints The reason for this behaviour can he seen considering Eqns. (11) and (13) . To fulfill the Kuhn-Tucker conditions, the negative gradient of the objective function s x has to be bounded by the gradients of the active set of constraints s f a Two different possible situations are shown in Fig. 3 . On the left hand side the solution of l a is governed by both constraints whereas on the right hand side initially two active constraints occur while only one has influence on the solution. 
Update stresses and Lagrangian parametels
Set k ¬ k + 1 and GOTO 3 Figure 3 . Gradients of the objective function and constraints at the intersection of the constraint conditions
Tangent Moduli
The weak form of equilibrium leads to a nonlinear problem which has to be solved with an iterative Newton-Raphson scheme on the entire domain of the structure. The advantage of the proposed algorithm is that it can be linearized exactly ensuring quadratic convergence behaviour, see e.g. [13] . By differentiating the elastic stress-strain relationship in Eq. (5) we obtain
The linearization of Eqn. (11) denoted as « w = l a s f a leads to
Now, Eqns. (14) and (15) can be combined to the incremental relation
In the next step the coefficients dl a will be derived from the consistency condition (13) and substituted into (16) resulting in an algorithmic tangent moduli
To calculate the tangent stiffness matrix, the algorithmic tangent moduli has to be chosen according the elements in the set of active constraints.
= { (18)

Constraints and Derivatives
The constraints of the proposed algorithm are defined in terms of the principle stresses, calculated from the stress tensor s For a plane-stress situation, the major principle stress s l and the minor principle stress s 2 are defined by
In Eq. (19) (+) hold for a = 1 whereas (-) has to be chosen for a = 2. The projection vector p and the projection matrix P are given by 
NUMERICAL EXAMPLES
In this section we present some numerical simulations to illustrate the perform ance of the proposed algorithms. These are a Hp-Membrane under dead load, an airbag under internal pressure and a more complicated pneumatic structure under internal pressure. The derived formulations are implemented in a 4-node isoparametric bilinear element which is part of an enhanced version of the general purpose non-linear finite element program FEAP, see Zienkiewicz and Taylor [16] . 
.1 HP Membrane
The following system is chosen in accordance to a problem initially analyzed by Bauer [8] . The material properties and dimensions of the undeformed system are shown in Fig. 5 . The membrane is simply supported along all edges. A distributed load in z-direction is applied and will be successively increased to a maximum value of 10 kN/m 2 within a Newton procedure. Throughout the deformation process the displacements of points A, B and M in load direction will be observed. To illustrate the nonlinear behaviour of the load-bearing the principle stresses s 1,2 and the principle wrinkle strains « w 1,2 indicating the wrinkled areas are displayed in Figures 8-10 . The computation is performed on a converged mesh with 256 elements. The specific load-bearing characteristic of membranes is observed immediately after applying load in Fig. 7 . In order to achieve a state of equilibrium with tensile stresses, the membrane has to assume a deflection state comparable to the catenary for the two dimensional rope. As a further application of the procedure outlined above, an inflated airbag, shown in Fig. 11 , is analyzed. The airbag consists of an isotropic elastic material with very low flexural stiffness which is therefore assumed to be zero. The airbag consists of two square plane membranes which are welded together along the edges. By applying appropriate boundary conditions in the horizontal midplane, it is only necessary to model the upper part of the membrane. The same problem was analyzed by Bauer [8] and Contri and Schrefler [14] . The calculations were performed on successively refined meshes. To simulate the internal pressure p i a non-conservative loading scheme was applied [15] . The process of inflating the flat membrane immediately raises the structure to a pillow position due to the fact that equilibrium with zero flexural stiffness will not be achieved in intermediate positions. The calculations are carried out in a straightforward manner. The results will be compared to those performed by Bauer [8] and Contri and Schrefler [14] .
The results shown in Table 2 indicate that even with a very coarse discretisation, a qualitatively adequate description of the deflection can be made. The distinction between elastic and wrinkle strains enables the visualization of the wrinkled areas in a post processing procedure. 
.3 Pneumatic structure
The third example is an initially flat cross shaped membrane bag, which is subjected to internal pressure. For the calculations the isotropic material behaviour of the previous structure has been assumed. Again by applying the appropriate boundary conditions in mid-plane only the upper part of the membrane has to be modelled.
The behavior of the structure is characterized by the well-defined wrinkling in the intersection areas in the early stage of inflation. As the internal pressure p i increases the wrinkling disappears, only the wrinkle strains previously discussed in the corners remain. Again the convergence behaviour can be studied on displacement-pressure curves in 
CONCLUSIONS
The curvature and the pre-tensioning of the membrane define the load carrying capacity of membrane structures. Ideally one obtains only tensile stresses in the membrane during the loading. However for some load cases wrinkles may occur. In this paper a mechanical model and its numerical implementation for the description of wrinkles within the structural plane of the membrane is presented. The strains are decomposed into an elastic and an inelastic wrinkling part. The domain of admissible stresses is bounded by two independent constraints derived from a wrinkling criteria. The formulation is similar to algorithms of plasticity and contains a local Newton iteration to satisfy the wrinkling conditions. The algorithmic tangent modulus ensures quadratic convergence of the global equilibrium Newton iteration. The numerical examples show that the model is applicable for scientific as well as engineering purposes.
